Let p ∈ 1, ∞ , q ∈ 1, ∞ , τ ∈ 0, ∞ , and α ∈ 0, 1 such that τ > 1/p − 1/q and α ≤ n 1/p − τ , let U ψ be the weighted Hardy operator and V ψ its adjoint operator with respect to the weight function ψ. In this paper, the authors establish a sufficient and necessary condition on weight function ψ to ensure the boundedness of U ψ and V ψ on the Triebel-Lizorkin-type spacesḞ α,τ p,q R n and their predual spaces, Triebel-Lizorkin-Hausdorff spaces, which unify and generalize the known results on Q-type spaces.
Introduction
This paper focuses on the boundedness of the weighted Hardy operator U ψ and its adjoint operator V ψ on Triebel-Lizorkin-type spaces and their predual spaces. Recall that, for a fixed function ψ : 0, 1 → 0, ∞ , the weighted Hardy operator U ψ is defined by n is always a subspace of BMO R n . As a generation of Q spaces, the spaces Q α,q p R n when α ∈ 0, 1 and 2 ≤ q < p < ∞ were first introduced by Cui and Yang 6 and later extended to α ∈ 0, 1 , p ∈ 0, ∞ , and q ∈ 1, ∞ in 7 . We also refer to 4, 8-11 for more studies on these spaces. On the other hand, it is well known that Besov spacesḂ were given in 7, Section 3 .
p,q R n is defined to be the space of all measurable functions f on R n such that
where the supremum is taken over all cubes I with the edges parallel to the coordinate axes in 
Moreover, when 1.6 holds, the norm of
We give the proof of Theorem 1.2 in Section 2. Finally, we make some conventions on notations. Throughout the paper, R n denotes the n-dimensional Euclidean space, with Euclidean norm |x|, and Lebesgue measure dx. A cube I will always mean a cube in R n with the edges parallel to the coordinate axes with sidelength l I and volume |I|. The dilated cube λI, λ > 0, is the cube with the same center as I and sidelength λl I . For all q ∈ 0, ∞ , q denotes the adjoint index of q, namely, 1/q 1/q 1. C will often be used to denote a positive constant, but it may vary from line to line.
Proof of Main Results
We begin with the proof of Theorem 1.2. 
2.2
Then, by 1.6 , we have
2.3
Thus, the operator U ψ is bounded onḞ 
2.4
Conversely, if U ψ is bounded onḞ α,τ p,q R n , then we can choose the function
where R n l and R n r denote, respectively, the left and right halves of R n , separated by the hyperplane x 1 0 x 1 is the first coordinate of x ∈ R n . We now show that 0 < f 0 Ḟ α,τ p,q R n < ∞. Notice that the assumption on α implies that τ < 1/p. For any cube I in R n , we consider two cases. 
2.7
Case 2. If p ≥ q, then p/q ≥ 1. Using Minkowski's inequality, similar to the computation of Case 1, we also obtain
2.8
Combining Cases 1 and 2 yields that
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The weighted Hardy operator U ψ and the weighted Cesàro average operator V ψ are adjoint mutually, namely,
2.13
Recall that 
2.16
Similar to the proof of Theorem 1.2, we have next theorem.
Theorem 2.2.
Let ψ : 0, 1 → 0, ∞ be a function, and let p ∈ 1, ∞ , q ∈ 1, ∞ , τ ∈ 0, ∞ , and
2.17
Moreover, when 2.17 holds, the norm of
2.18
Recall that the Triebel-Lizorkin-Hausdorff spaces FḢ −α,τ p ,q R n were originally introduced in 7, 12 and proved therein to be the predual spaces of Triebel-Lizorkin-type spaceṡ F α,τ p,q R n . Triebel-Lizorkin-Hausdorff spaces unify and generalize Triebel-Lizorkin spaces see, e.g., 13 and Hardy-Hausdorff spaces HH 1 −α in 14 . These spaces were further studied in 15 .
By dual argument, we have the following theorems.
Theorem 2.3. Let ψ : 0, 1 → 0, ∞ be a function, and let p ∈ 1, ∞ , q ∈ 1, ∞ , τ ∈ 0, 1/ max{p, q} , and
2.19
Moreover, when 2.19 holds, the norm of U ψ on FḢ −α,τ p,q R n is given by 
2.24
In particular, 
2.25

